Compactification of the moduli spaces of vortices and coupled 

vortices 



By Gang Tian at MIT and Baozhong Yang*at Stanford 
October 19, 2001 

Abstract 

Vortices and coupled vortices arise from Yang-Mills- Higgs theories and can be viewed 
as generalizations or analogues to Yang-Mills connections and, in particular, Hcrmitian- 
Yang-Mills connections. We proved an analytic compactification of the moduli spaces 
of vortices and coupled vortices on hermitian vector bundles over compact Kahler man- 
ifolds. In doing so we introduced the concept of ideal coupled vortices and characterized 
the singularities of ideal coupled vortices as well as Hermitian- Yang-Mills connections. 

1 Introduction 

In the theory of holomorphic vector bundles on compact Kahler manifolds, one remarkable 
result is the theorem of Donaldson-Uhlenbeck-Yau on the Hitchin-Kobayashi correspondence 
between the stability of a holomorphic vector bundle and the existence of an irreducible 
Hermitian-Einstein metric on the bundle. This enables us to identify the moduli space of 
stable holomorphic structures on a complex vector bundle E with the moduli space of irre- 
ducible unitary Hermitian- Yang-Mills connections (HYM connections) with respect to any 
fixed Hermitian metric h on E. Uhlenbeck's removable singularity theorem and compactness 
theorems ( f22|| , p3[| ) for Yang-Mills connections on four manifolds gave a compactification 
of the moduli space of HYM connections on algebraic surfaces and more generally, of (anti- 
)self-dual connections any Riemannian four manifolds. With Uhlenbeck's and Taubes' work 
as the analytical basis, Donaldson defined his polynomial invariants for four manifolds via 
this compactified moduli space. Through Donaldson's and other people's work, this idea 
has been able to provide many deep and surprising results on the differential topology of 
four manifolds. Generalizations of the compactness theorem for Yang-Mills connections to 
higher dimensional manifolds have been given in lU and @. One of the main results of 



[20] is a detailed description of the analytic compactification of the moduli space of HYM 
connections on higher dimensional Kahler manifolds. 

Looking back at their origins in physics, Yang-Mills theories are important special cases 
of the more general Yang-Mills-Higgs theories in physical models which describe interactions 
of fields and particles. In a Yang-Mills-Higgs theory people usually study connections cou- 
pled with sections of certain vector bundles, which are usually called the Higgs objects, and 
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an action which contains, in addition to the curvature term, the interaction terms between 
the connections and the Higgs objects. Yang-Mills-Higgs (YMH) connections are the critical 
points for such an action functional. Well-studied YMH theories include Ginzburg-Landau 
vortices on R 2 and monopoles on K 3 (See [ 13 1 for an introduction and some fundamental 



results. |4J contains more recent developments.) For more examples of Yang-Mills-Higgs 
theories, we refer the reader to the survey article 0. The interactions of geometric analy- 
sis, geometric topology, algebraic geometry and mathmatical physics in the study of YMH 
theories make this subject very intriguing. 

There is a natural generalization of the vortex equations on R 2 to equations on general 
compact Kahler manifolds. Let (E, h) be a smooth hermitian vector bundle on a compact 
Kahler manifold (M, tu). Consider an integrable connection A and a section <p £ T(E), the 
Higgs field. The following equations are called the vortex equations, 

(1.1) B A( p = o, 

(1.2) AF A -l<f>o<f>* + 1 -tI e = 0. 

where r is a real parameter. We shall call a solution (A, (f>) to ( |l.l|) and (|l.2| ) a T-vortex 
or simply a vortex. A r-vortex is the absolute minimum point for the following YMH 
functional 

YMH T (i,^)= / |F A | 2 + |^| 2 + i|0o<f -t/£| 2 . 
Jm 4 

A holomorphic pair (£, 0) consists of a holomorphic vector bundle £ and a holomorphic 
section <fi of £. In [||, stable holomorphic pairs were defined and a Hitchin-Kobayashi 
type correspondence between stability of holomorphic pairs and the existence of irreducible 
vortices on them were established. 

In this paper we are interested in describing the compactification of the moduli space of 
vortices and stable pairs. We shall use the results on the convergence and compactness of 
pure Yang-Mills connections in ]2(| and the removable singularity theorems for Hermitian- 
Einstein metrics in S. A key observation we used in our proofs is a result from O. Garcfa- 



Prada [10|. This result identifies the vortex equations on bundles over a Kahler manifold 
M with the dimensional reduction of the HYM equations under an SU(2) action on certain 
associated bundles on the manifold MxCP 1 (see Section 2 for details.) This correspondence 
allows us to apply results on HYM connections to study vortices. In fact, this idea of 
dimensional reduction has been explored by E. Witten et al. 

A generalization of the vortex equations, the coupled vortex equations, were introduced 
by Garcfa-Prada in [|l0|]. These equations turn out to be very natural for the setup of 
the dimensional reduction mentioned above. Let (E\, hi) and (£2, /12) be Hermitian vector 
bundles on a compact Kahler manifold (M, to). Consider integrable connections A{ on 
(Ei, hi) (i = 1, 2) and a section (f> of Hom(£ , 2, E\). The equations we shall consider are 

(1-3) d Al ®Al<t> = 0, 

(1.4) AF Al - % -4>o cf>* + l T i Ei =o, 

(1.5) AF M + l -<f>* o + l - T 'I E2 = 0, 



2 



where A\®A\ is the induced connection on Ei^E^ and r and r' are real parameters. We see 
that r and t' are related by the Chern-Weil formula and hence there is only one independent 
parameter r. The equations ( |1.3[ ), (|1.4| ) and (|1.5| ) are called the coupled (r)-vortex equations 
and solutions (^i,^;^) of them are called coupled (r)-vortices on (Ei,E<2). The coupled 
vortice equations are also dimensional reductions of HYM equations on M x CP 1 (see 
Section 2 for details.) 

We define (Ax, A2, tfi, S, C) as an ideal coupled t -vortex on hermitian vector bundles 
(Ei, h\) and (E2, /12) on M if the singularity set S is a closed subset of M of finite H n ~ 4 
Hausdorff measure, the triple (Ax,A%, (ft) is smooth and satisfies the coupled vortex equations 
on M \ S, and C is a holomorphic chain of codimension 2 on M. We can then define the 
moduli space IV T of ideal coupled vortices and a natural weak topology on it (see Section 
4.) 

Our first main result is 



Theorem 1.1 (Theorem 4.1) The moduli space IV T is compact. 



This compactness theorem easily implies the following compactification theorems. 

Theorem 1.2 (Theorem |4.3|) The moduli space V T of coupled r-vortices on hermitian 
vector bundles (E\,E2) admits a compactification V T which is naturally embedded in IV T . 



Theorem 1.3 (Theorem iji) The moduli space V T of t -vortices on a hermitian bundle 
E over a compact Kahler manifold (M, ui) admits a compactification in the space of ideal 
coupled T-vortices on E and L, where L is the trivial line bundle with the product metric 
on M. 

We remark here that the compactification and blowup phenomena of r-vortices appears 
to be clear only when we embed them into a space of coupled vortices (see Section 2 and 
4 for details.) Using the Hitchin-Kobayashi type correspondences for vortices and coupled 
vortices, these theorems also give the compactification of the moduli space of corresponding 



holomorphic objects, i.e., stable pairs and triples (see Theorem \A and Theorem |4.6| ). 

Along with the proof of Theorem [O], we obtained the following removable singularity 
theorems for admissible HYM connections (see Section 3 for defintion) and ideal coupled 
vortices, in which the (non-removable or essential) singularities of HYM connections and 
vortices are characterized precisely. Their proofs are based on Bando and Siu [|| and the 
recent work of Tao and Tian [21]. 

Theorem 1.4 Let (A,S) be an admissible HYM connection on a hermitian vector bundle 
E over M m . Then there exists E\ = £i(m) > such that if we let 



S = {xe S\ lim r 4 ~ 2m f \F A \ 2 dv > El .}, 
r ~^° JBJx) 



B r (x) 

then So is an analytic subvariety of M of codimension > 3. The holomorphic bundle E\ M \g 
extends to a reflexive sheaf £ over M and Sq is the singularity set of £, i.e., the set where 
£ fails to be locally free. After a suitable smooth gauge transformation, the connection A 
can be extended to be a smooth connection on M \Sq. 
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Theorem 1.5 Let (A\, A2, (f>, S, 0) be an ideal coupled vortex on hermitian vector bundles 
Ei and E2 over M . There exists £2 = S2(m, t) > such that if we define 

S = {xe S\ lim r 4 ~ 2m / e T (A 1 ,A 2 , <p)dv > e 2 .} 5 

r ~ +0 JB r {x) 

where e T (-, ■, •) is the YMH action density, then Sq is an analytic subvariety of M of codi- 
mension > 3. The holomorphic bundles Ej\j^\g for j = 1,2 extend to reflexive sheaves £j 
and Sq is the union of the singularity sets of £1 and £2- After a suitable gauge transforma- 
tion, the triple (A\, A2,4>) can be extended smoothly over M \ Sq. 

There are some possible directions for further studies. Studies of the resolution of 
singularities of stable sheaves might give us a clearer picture of the boundary points of 
the compactified moduli spaces. One could also define the concepts of stability and semi- 
stability for reflexive sheaf pairs or sheaf triples and establish the corresponding Hitchin- 
Kobayashi type correspondences for them. The topology of the compactified moduli space 
and its relation with the underlying Kahler manifold and with the parameter r might also 
be interesting for studies. We hope to address some of these issues in a future paper. 

In Section 2, we gave an introduction to the vortex equations and coupled vortex equa- 
tions on compact Kahler manifolds and reviewed some relevant results, mainly from the ref- 
erences [||, 10, 11]. In Section 3, we collected some known results on Hermitian- Yang- Mills 



connections. In Section 4, we stated and proved our compactification theorems. Finally we 



proved the removable singularity theorems, Theorem 1.4 and Theorem 1.5, in Section 5 



2 Vortices, coupled vortices and dimensional reductions 

Assume that (M, u) is an m-dimensional compact Kahler manifold and (E, h) is a hermitian 
vector bundle on M. Let A denote the set of all unitary connections on (E, h). We define 

A 1 ' 1 = {A € A : F Q / = 0}, 

the set of integrable connections on E. Consider the following equations for a pair (A, cf>) € 
A 1 ' 1 x T(E). 

(2.1) <9 A = 0, 

(2.2) AF A - % -4> ® cj)* + % -rI E = 0. 

where r is a real parameter, <ft* E T{E*) is the dual of (j) with respect to the the metric 
h and A is the contraction with the Kahler form to. In local coordinates, if {dz l ,dz 1 } is a 
basis of T*M and u = gqdz % dz\ (g^) = (ffy) -1 , then 

A(f l] dz*dz3)=g i lf i] . 



The equations ( |2.lD and ( [2.2; ) are called the vortex equations . Since (2J.) simply means 



that 4> is a holomorphic section of E with respect to the holomorphic structure defined by 



4 



8 A , we sometimes call ( |2.2[ ) the vortex equation. Taking trace of (\L2£) and integrating, we 
see that only for r such that 

deg(E) rVol(M) 

the vortex equation can have solutions. When the equality in above holds, a vortex is given 
by a Hermitian- Yang-Mills connection A and <j) = 0. 
We define a functional for a pair (.A, <^>) G A x r(2£), 

(2.3) YMH r (i, (/>)=/ |F A | 2 + |dA0| 2 + 7l00 0*-r/ £ | 2 

iM 4 

For (A,(f>) € A 1 ' 1 x r(S), we may compute directly that (see g for example), 
YMH r (A, 0) = / 2|d A </>| 2 + |AF A - U ® 0* + ^rI B | 2 
Tr(iAF A )+ / Tr(F|) 



A 



u, m " 2 



fm-2)! 



= f 2\8 A <p\ 2 + \AF A -^<f>®(t>* + % -tI e \ 2 +27rrdeg( J B) -87r 2 Ch 2 (S). 
JM 2 2 

Hence the minimum of YMH T is the topological quantity 2itt deg(E) - 8vr 2 Ch 2 (E). This 
minimum is achieved if and only if (A, (f>) satisfies the vortex equations. 

There is another equivalent viewpoint of the vortex equations. We fix a holomorphic 
structure on a complex vector bundle E and denote the obtained holomorphic bundle by 
E. Now we allow the hermitian metric h to vary. For each h there exists a unique unitary 
connection which is compatible with the holomorphic structure of £. We denote this con- 
nection associated to h by Ah and its curvature by F^. Assume that eft is a holomorphic 
section of E. The following equation is called the vortex equation for the hermitian metric 
h, 

(2.4) AF fc -^®^ + irJB = 0. 

It is a standard result that the above two points of views, i.e., fixing the metric to consider 
special unitary connections and fixing the holomorphic structure to consider special metrics, 



are equivalent. We will sketch the idea of this equivalence here (see Chap. VII, §1 of [15] for 
details). We fix a holomorphic bundle 6 and a holomorphic section <p here. Suppose that h 
is a hermitian metric satisfying ([2.4|). For any hermitian metric h on E, there exists g £ Q 
in the complex linear gauge group such that h(s,t) = h(gs, gt),\/s,t G T(E). Suppose that 
A and A are the connections associated to h and h respectively. Define A' by 

d A > = g8 A g' x + (g*)~ l 8 A g* = gd A g~ l . 

Then A 1 is a unitary connection with respect to h, and Fa< = gF^g -1 , hence A' solves the 
vortex equation (|2.2j ) with respect to the metric h. 

Let £ be a rank r holomorphic vector bundle over (M, oS), and let <p be a holomorphic 
section of £ and r be a real parameter. For background on coherent sheaves and stability, 
we refer the reader to Chapter V of [O] . 
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Definition. The pair (£, <fi) is said to be T-stable if the following conditions are satisfied, 

(1) fi(£') < t = t Vol(M)/(47r) for every coherent subsheaf £' C £ with rank^' > 0. 

(2) fj,(£/£') > f for every coherent subsheaf £' C £ with < rank£"' < r and <f> G H°(M, £'). 

We have the following Hitchin-Kobayashi type theorem from Theorem 2.1.6 and Theo- 
rem 3.1.1 of @. 

Theorem 2.1 If there exists a hermitian metric h on £ which satisfies the vortex equation 



(2.4 ), then the bundle splits as £ = £$®£' into a direct sum of holomorphic vector bundles, 
with £(/) containing (j), such that (£^,0) is r-stable and the remaining summands (which 
together comprise £' ) are all stable and each of slope f = r Vol(M) / (4ir) . 

Conversely, if (£,4>) is r-stable, then there exists a hermitian metric h on £ which is a 



solution of the vortex equation (2.4 )■ 

We define the moduli space of r-vortices on a hermitian vector bundle {E, h) by 

V T = {(A,(f>) vortices on (E,h)}/G, 

where Q is the unitary gauge transformation group on (E, h) and g(A, eft) = (g(A),g o 0) for 
any g € Q. We define the moduli space of (r-)stable (holomorphic) pairs by 

M T = {[(£, (p)] : (£, 4>) r-stable pairs with underlying bundle E}, 



where [•] means the isomorphism class of holomorphic bundles with sections. Theorem |2.1 
implies that there is an injection M T V T . This fails to be a bijection whenever there is 
the reducible phenomenon described in the theorem. We let the exception set of values for 
r be 



(2.5) T = {t\t = n{E') for E' a subbundle of E}. 

If r is not in T, then V T = M T . This identification of the moduli space of vortices with the 
moduli space of stable pairs is completely analogous to the Hitchin-Kobayashi correspon- 
dence. 

As we have said in the introduction, vortex equations can be interpretated as the dimen- 
sional reduction of the Hermitian- Yang-Mills equation on a certain bundle over M x S 2 . 
To better describe and explore this dimensional reduction, it is natural to introduce a 
generalization of the vortex equations. 

We assume again that (M, uj) is an m-dimensional compact Kahler manifold and (Ei, hi), 
(£ , 2,/i2) are C°° complex vector bundles over M with hermitian metrics. Let A]' 1 be the 
space of integrable unitary connections on (Ei,hi) for i = 1,2. For a triple (Ai,A2,cp) € 
.4.}' 1 x A2' 1 x r(Hom(£ , 2, Ei)), we consider the following equations: 

(2.6) d Al ® A *<t> = 0, 

(2.7) AF Al - l -4>o ^ + l r / Ei=0! 

(2.8) AF A2 + % -4>* o </, + % -t'I E2 = 0. 
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where A\ ®A 2 is the induced connection on E\ ^E^, (j)* € r(Hom(£'i, E2)) is the adjoint of 
(f) with respect to h\ and h 2 , and r and t' are real parameters. By the Chern-Weil theory, 
t and t' must satisfy the following relation 

/on , , degEi + deg£ 2 
(2.9) rrank^i +r rank£ 2 = 47r Yo\{M) ' 

so that there is only one independent parameter t. 

We call a triple (Ai,A2,(p) a coupled (t) -vortex if it satisfies equations (2.6), (2.7) and 



(|2.8| ). Coupled vortices are the absolute minima of the following Yang-Mills-Higgs type 
functional on A\ l x A]' 1 x Q°(E 1 (g> E^), 



YMK r (A 1 ,A 2 ,<j>)= [ \F Al \ 2 + \F A2 \ 2 + \d Al 

JM 



+ \\<P ° <P* ~ tI Ei I 2 + \W <t> + t'Ie 2 \ 2 dv. 

We denote the integrand above by e T (A±, A2, 4>) and call it the YMH action density for the 
triple (Ai,A 2 ,0). 

Next we describe the dimensional reduction in the setting of triples (for details and 
proofs see §3 of M). Let p : M x5 2 ^ M, q : M x S 2 — > M be the natural projections. 
Assume again that (Ei,h\) and (£^2)^2) are hermitian vector bundles on M , and H® 2 is 
the degree 2 line bundle with the standard metric b! (up to a constant) on CP 1 = S 2 . We 
shall consider the bundle 

F = F 1 (BF 2 = p*E 1 © (p*£ 2 <8> g*^ 2 ) 

on M x S 2 with the induced metric /i = p*/ti ®p*h,2 <8> Q 1 *^^- Consider the left SU(2) action 
on M x S 2 which is trivial on M and standard on S 2 (i.e., coming from the Hopf fibration 
SU(2) — > 5 2 and the product structure of SU(2)). There is a natural lift of this action to 
the bundle F, which we shall describe below. 

Note that the total space of p*E\ is E\ x S 2 , and the action of SU(2) on the p*E\ is 
defined to be trivial on E\ and standard on S 2 , similarly we define the action of SU(2) 
on p*E 2 . Recall that H m = SU{2) x p2 C, where we regard via the Hopf fibration SU{2) 
as a principle S 1 bundle over S 2 and p 2 is the representation S 1 — ► S 1 = U(l) given 
by p 2 ■ e ia 1 — ^ e i2a . This gives a natural action of SU(2) on i^® 2 on the left. Since 
q*H® 2 = M x i/® 2 , we require the action of SU(2) on q*H® 2 to be trivial on M and as 
above on H® 2 . 

Any unitary connection on (jP, h) is then of the form 

(2,0) ^=("^4 

where Ai, A2 are connections on (F\,hi) and (-^2,^2) respectively, and /3 G 1 (iVf x 
5 2 , Hom(i<2, Pi)). It can be shown (as in Prop. 3.5 of |l(|) that for any S'C r (2)-invariant 
connection A on (F, h), we have 

(2.11) A 1 =p*A 1 ,A 2 =p*A 2 ®q*A 2 , 
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where Ai and A2 are connections on (Ei, hi) and (E2, h 2 ) respectively, and A' 2 is the unique 
5i7(2)-invariant connection on (H® 2 ,h' 2 )- We also have 

(2.12) f3 = p*(/)®q*a, 

where <j> G fi°(M, #1 <g> and a is the unique SLf(2)-invariant element of 1 (5' 2 ,i7® 2 ), 
up to a constant factor. The proofs of these facts exploit the S'C/(2)-invariance of the 
objects and study the restriction to fibers to show that certain components have to vanish 
(for details see the proof of Prop. 3.5 in flQ|| ). 

Let A\ and A2 be the spaces of unitary connections on (E\, hi) and (E2, h 2 ) respectively 
and A SU W be the space of S'C/(2)-invariant unitary connections on (F, h). Then after fixing 
the choice of the one form a, we have a one-to-one correspondence between 

(2.13) A su{2) Hi lX i 2 x r(Hom(£ 2 , E x )) 

given by A <-> (Ai,A 2 ,4>) as in (|2.10[) , ( |2 . 1 1| and (|2.12j) . If we restrict fl2.13|) to integrable 
connections, there is a one-to-one correspondence 

(2.14) ,41,1.^(2) <_> A Y x A 1 / x r(Hom(£ 2 , E x )). 

We denote by Q su ^> the S'J7(2)-invariant gauge transformation group on F and Qi the 
unitary gauge transformation groups on Ei (i = 1,2). Using a similar argument to the 
above we can write every g G Q su ( 2 ) as 

91 
g 2 

for gi G £/i and 52 G £/ 2 . Hence there is a one-to-one correspondence of the gauge groups, 

(2.15) g su(2) ^Gixg 2 . 

It is then clear that there is a one-to-one correspondence between the configuration spaces, 
A SU(2) /g su(2) i A i ^ x M x r(Hom(£ 2) £i))/0i x g 2 , 

where (gi,g 2 )(A 1 ,A 2 ,(l>) = (gi(Ai), g 2 (A 2 ), gi o 4> o g^ 1 ) is the gauge action of Q\ x Q 2 on 
triples. 

From now on, we shall fix a Kahler metric 

UJ a = LU © <TO; C pl 

on M x S 12 , where Wcp 1 is the standard Fubini-Study metric on CP 1 so that f CP i ^cp 1 = 1j 
and a is given by the following formula, 

(2.16) a- 2r ' V0l < M > 



(n + r 2 )f - deg - deg E 2 ' 



where ri = ranki^i and r2 = ranki?2 and f = r Vol(M)/(4-7r). In what follows, we shall fix 
the choice of a such that 

(2.17) a A a* = -awcpi. 
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Define the Yang-Mills functional for a connection A on the hermitian vector bundle F with 
respect to uj a by 



YM a {A)= I \Fa\ 

JMxS 2 



uJ 



m+1 



/Afx5 2 17 (m + 1)! 

where | • | CT is the norm induced by the hermitian metric on F and the Kahler metric cj ct on 
M x S 2 . 

If A € „4 5C/ ( 2 ) corresponds to {A x ,A 2 ,(ft) G x ^ 2 x T(Rom(E 2 , in ( gig ), then 
we have the following lemma relating the energy densities of YMH T and YM CT , 

Lemma 2.1 

(2-18) ^ = e T (Ai,A 2 ,0)+c(T), 

where c(r) is a constant depending only on t, Vol(M) and the degrees of E\ and E 2 . 
Proof. Via the expression ( 2.10| ), we compute that 

fp*F Al - A 0* d Al9A ./3 

-(d Al ® A *0)* p*F M - 4vriu; C pi + 0* A 0j 



We also note that with the convention of ( 2.17 ), 

0A0* = ^*(0o0> CP i, 

0* A0 = ~p*(<ft*o<ft)u; CP ,. 
These together give us (for simplicity we omit the p*'s in the following equation), 

\Fa\1 = \F Al | 2 + \ |0 o 0f + \F M ? + \\p o - 
+ 2H 2 Jd Al ^*0| 2 + 2|d A ,a| 2 |0| 2 

= e T (A 1; A 2 ,0) + (^r 2 - \{r\\ + r' 2 r 2 )). 
In the above we used the fact that d A > a = 0, |a| 2 = \a> A a*| = 1/2, and the identity 



17T 



□ 



cr ~~ 2 

As a corollary of Lemma [2.1| , we have the following identity, 
(2.19) YM ff (A) = a YMH r (A\ , A 2 , (ft) + C(r), 

where C(r) is a geometrical constant depending on t. 

By direct computation it can be shown (see §3 of flnj]) that under the correspondence 
( |2.13j ), a connection A on M x S 2 is a Hermitian- Yang- Mills connection with respect to w ff 
if and only if (Ai, A 2 , (ft) is a coupled r-vortex, where a is related to r by (|2.16|) . 

Assume that rank £2 = 1, we can define a concept of stability for holomorphic triples 
(£i,£ 2 , (ft), where £\ and £ 2 are holomorphic bundles with underlying topological bundle E\ 
and E 2 respectively and (ft is a holomorphic section of Hom(£2,£i)- 
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Definition. Assume that rank^ = 1- We define a triple {£1,82, 4>) to be r-stable if the 
pair {£\ (g) £|, (ft) is r-stable. 

We have the following theorem (Theorem 4.33 in J10||). 

Theorem 2.2 Let (Ai, A2, (ft) be a coupled r-vortex and let £\ = (Ei,B Al ) and £2 = 
(E2,Ba 2 )- Then £\ decomposes as a direct sum £\ = £' © £" , such that (ft £ Hom(£2,£'), 
(£',£2, (ft) is r-stable and£" is a direct sum of stable bundles of the slope f = r Vol(M) / (Att) . 

Conversely, if (£±,£2, (ft) is r-stable, then for any hermitian metrics h\,h2 on E±,E2 
respectively, there exists a solution (Ai,A2,(ft) to the coupled r-vortex equations such that 
£\ = (Ei,B Al ) and £2 = (E2,B A2 ) and the solution is unique up to unitary gauge transfor- 
mations. 

The following discussion is similar to the case of vortices and stable pairs. We define 
the moduli space of coupled r- vortices on hermitian bundles E\ and E2 by 

V r = {{A\, A 2 , (ft) coupled vortices on (Ei,E 2 )}/Gi x Q 2 , 

where Q\ and Q2 are the unitary gauge transformation groups on E\ and E2. If rank £2 = 1, 
we can define the moduli space of stable triples by 

9Jt T = {[(£1, £2, (ft)] '■ (£i,£2,4>) T-stable triple with underlying bundles E\ and E2}, 

where [•] means the holomorphic isomorphism class. Theorem implies that when rank E2 = 
1, there is an injection 9Jl r V T . This fails to be a bijection when there is the reducible 
phenomenon described in the theorem. We let 

(2.20) T = {r\f = n(E') for E' a subbundle of #i}. 

If r is not in T, then V T = 5DT r . 

Next we consider the relation between stable pairs and triples. Let L be the trivial 
smooth line bundle over M and let 9tt T be the moduli space of r-stable triples with the 
underlying smooth bundles being E and L. Let £ and C be holomorphic structures on E 
and L. Since by definition, (£, C, (ft) is T-stable if and only if (£ (g) £*, (ft) is stable, we have 
a map 9Jt T — > M T given by 

[(£,£,<!>)} ^[(£ ® £*,<ft)}. 
The group of holomorphic bundles supported by L, Pic°(M), acts on M. T by 

(£,C,cft) 1 — > (£ ®U,£®U,0), for hi € Pic°(M). 
It is then clear that the above map gives an identification 

(2.21) M T 9* 9Jt r /Pic°(M) 

Finally we consider the relation between the vortex equations and the coupled vortex 
equations. We let (E\, hi) = (E, h) of rank r and (E2, /12) = (L, ho), where L is the trivial 
bundle and ho is the product metric. Then a coupled T-vortex (^4, A' , (ft) on (E, L) satisfies 

(2.22) B A (ft = 0, 

(2.23) AF A - l -(fto4>*+ % -rI E = 0, 

(2.24) AF A/ + l -cft*o ( ft+ V = 0, 
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where rr + r' = 47rdeg£'/ Vol(M). We see that ( |2.22| ) and ( |2.23[ ) are actually the vortex 



equations on (E,h). Hence (A,4>) is a vortex on (E,h). On the other hand, if (A, (f>) is a 
solution to the vortex equations ( |2.22| ) and ( |2.23|) on (E,h), then it is easy to check that the 
linear equation ( 2.24| ) admits a solution A' (see for example ]TT| ] p. 541 - 542). The solution 



A' is unique if we fix the holomorphic structures on L and require A' to be compatible with 
the given holomorphic structure. Therefore, if we fix the trivial holomorphic structure on 
L, there is an embedding 

(2.25) V T — V T , 

For each holomorphic structure on L, there is a unique solution A' . Hence if we take all the 
holomorphic structures on L into consideration, then there is an identification 

(2.26) V T = V T /Pic°(M). 



3 Hermitian- Yang-Mills connections 

In this section we collected some results on the blow-up phenomena of Yang-Mills con- 
nections and in particular, some results on Hermitian- Yang-Mills connections. The main 
references for this section are [^] and ||. 

Assume that M is an n-dimensional Riemannian manifold and E is a smooth vector 
bundle on M with a compact structure group G. Let A be the set of all G-connections on 
E. 

The Yang-Mills functional YM : A -> R is defined by 

YM(,4) = f \F A \ 2 dv. 
Jm 

A smooth connection A is called a Yang-Mills connection if and only if A is a critical point 
of the functional YM, or equivalently, A satisfies the Yang-Mills equation 

d* A F A = 0. 

Definition. 1) (A, S) is called an admissible connection if S C M, H n ~ 4 (S) = 0, A is a 
smooth connection on M \ S and YM.(A) < oo. S is called the singular set of A. 

2) (^4, S) is called an admissible Yang-Mills connection if (A, S) is an admissible connection 
and d* A F A = on M \ S. 

Sometimes, when the singular set S is understood, we simply say A is an admissible con- 
nection. 

By using variations generated by a vector field on M, we can derive the following first 
variation formula for smooth Yang-Mills connections (first derived by Price |T^] ) , 

(3.1) I |F4| 2 divX-4 Y, (FA(V ei X,e j ),F A (e h e j ))dv = 0. 

^ M l<i<j<n 

This formula is true for any compactly supported C 1 vector field X on M. This motivates 
the following definition. 
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Definition. An admissible connection (A, S) is said to be stationary if the first variation 
formula is true for A with any compactly supported C 1 vector field X on M. 



Assume that A is a stationary connection. By using a cutoff of the radial vector field 
X = X^r=i- E *^ _ in the first variation formula, we can obtain the following important 
monotonicity formula first shown by Price Jl7| (also see Tian [20] for a more general version). 
Let injrad(x) denotes the injective radius of x G M. 

Propostion 3.1 For any x G M, there exist positive constants a = a(x) and r x < injrad(x) 
which only depend on the supremum bound of the curvature of M , such that if0<o~<p< 
r r , then 



(3.2) 



p 4 - n e ap2 



B p [x) 

> 4 



\F A \ 2 dv-a A - n e a 



„4— n 



dr^ A 



2 

dv. 



\F A \ 2 dv 



>B p (x)\B a (x) 

If M is flat, then we may take a = 0. 

We have the following a priori pointwise estimate for smooth Yang-Mills connections by 



Uhlenbeck and also by Nakajima [16]. It can be proven by using the Bochner-Weitzenbock 
formula and a method similar to Schoen's method (IX. 4. 2 in |l^]) in proving the a priori 
pointwise estimate for stationary harmonic maps. 

Propostion 3.2 Assume that A is a smooth Yang-Mills connection. There exist £q = 
e (n) > and C = C(M, n) > such that for any x G M , p < r x , if p^~ n j B ^ \Fa\ 2 dv < 
Eq, then 



(3.3) 



sup p^FA^Kctp^ [ \F A \ 



dv 



Using the a priori pointwise estimate and monotonicity formula, compactness theorems 
about Yang-Mills connections were first proven in Uhlenbeck [23] and Nakajima 16]. We 



quote the following compactness theorem from [2C[. 



Propostion 3.3 Assume that {(Ai, Si)} is a sequence of stationary admissible Yang-Mills 
connections on E, with YM(Ai) < A, where A is a constant. Let S c i s = lim sup^^ Si . 
Assume also that H n ~ 4 (S c i s ) = 0. Then there exist a subsequence {Ai}, a closed subset 
Sb of M with H n ~ 4 (St, fl K) < oo for any compact subset K C M , a nonnegative H n ~ 4 - 
integrable function O on Sb, gauge transformations ai G T(AutP) and a smooth Yang-Mills 
connection on M \ Sb, such that the following holds: 

(1) On any compact set K C M\(Sb U S c i s ), Oi(Ai) converges to A in C°° topology. 

(2) \F Ai . \ 2 dv — > \F A \ 2 dv + QH n ~ 4 [Sb weakly as measures on U. 

Remarks. 1) We shall make a little remark about the condition H n ~ 4 (S c i s ) = here. 
This condition will be trivially satisfied if all Ai are smooth YM connections, i.e., all S^s are 
empty. This condition is necessary for the application of the a priori estimates to extract 
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a convergent subsequence. We conjecture that the theorem is true without this condition, 
but the proof will need a very general regularity theorem for stationary admissible YM 
connections, which has not been proved yet. 
2) The density function G is defined by 



0(x) = limliminf/) 4 -™ / \F A . \ 2 dv. 



B p (x) 

3) The closed set S b is given by 

(3.4) S b = {x G M : @(x) > e }. 



where Eq is as in Prop. 3.2. 
Define 

T = the closure of {x G S b \G(x) > 0, lim r A ~ n f \F A \ 2 dv = 0}. 

r ~*°+ JB r (x) 

It is easy to show that the measue @H n ~ 4 [Sb is equal to QH n ~ [T. (T, 0) is called the 
blow-up locus of the sequence {Aj.}. The set T may be shown to be rectifiable (see §3.3 of 
and hence (T, 0) defines a rectifiable varifold. We know very little about the blow-up 
set of sequences of general Yang-Mills connections without further restrictions. 

The most important examples of Yang-Mills connections include self-dual and anti- 
self-dual connections on four manifolds, and Hermitian- Yang-Mills connections (also called 
Hermitian-Einstein connections in literature) on Hermitian vector bundles over Kahler man- 
ifold. Assume that (M, u) is an m-dimensional Kahler manifold and (E, h) is a Hermitian 
vector bundle over M. A unitary connection A on (E,h) is a Hermitian-Yang-Mills con- 
nection (HYM connections) if it is integrable and 

AF A = XI E , 

where A is a constant. HYM connections are the absolute minima of the Yang-Mills func- 
tional. 

One of the main results in |^| (Theorem 4.3.3) is the following characterization of the 
blow-up locus of a sequence of HYM connections (in pOy , a more general class of connections, 
Sl-anti-self-dual connections are treated). 

Theorem 3.1 Let (M,cu) be an m-dimensional compact Kahler manifold and (E, h) a her- 
mitian vector bundle over M. Let {Ai} be a sequence of Hermitian-Yang-Mills connections 
on E. Then by passing to a subsequence, Ai converges to an admissible Hermitian-Yang- 
Mills connection A (in the sense in Prop. O with the blow-up locus equivalent as a (2m — A) 
varifold to (S, 0), such that S = U a S a is a countable union of (m — 2) dimensional holomor- 
phic subvarities S a 's, and ^7@\s a are positive integers for every a. There is the following 
convergence of measures, 

\F A fdv \F A \ 2 dv + QH 2m -\S. 

The following removable singularity/extension theorem is proved in || and the proof is 
based on results in |B|, |T8| . 
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Theorem 3.2 Assume that (E, h) is a holomorphic vector bundle defined outside a closed 
subset S with H 2m ~ 4: (S) < oo, on an m- dimensional Kahler manifold (M,lo). Assume that 
the curvature isn locally square integrable on M , then E extends uniquely to a reflexive 
sheaf £ over M . If furthermore, h satisfies the Hermitian- Einstein equation on M\S, then 
h extends smoothly as a hermitian metric over the locally free part of £. 

Let A be the limiting HYM connection in Theorem [O]. Theorem [T^ implies that the 
holomorphic bundle E\ M \ S with the holomorphic structure induced by 8a extends to be a 
reflexive sheaf £ over M and there is a gauge transformation a on M \ S such that cr(A) 
extends to a smooth HYM connection on the locally free part of £ on M. Combining 



Theorem 3.1 and Theorem 3.2, the first author was able to describe a compactification 



of the moduli space of HYM connections on compact Kahler manifolds in [20|. The idea 
is to introduce ideal HYM connections and define a weak topology on the moduli space 
of these ideal HYM connections. Then one can show that the moduli space of the ideal 
HYM connections is compact and the moduli space of HYM connections, with its smooth 
topology, naturally embeds into it and thus has a natural analytic compactification. We 
shall leave the details to the reader as it is completely analogous to (and simpler than) what 
we shall do about vortices and coupled vortices in the next section. 



4 Compactification of the moduli spaces of vortices and cou- 
pled vortices 

Assume as in Section 2 that (M, u) is an m-dimensional compact Kahler manifold, and that 
{Ei, hi) and {E2, ^2) are Hermitian vector bundles on M. 

Definition. An ideal coupled (t—) vortex on the Hermitian bundles {Ei, hi) and (E2, /12) 
is a quintuple {Ai, A2, (f>, S, C) such that the following holds: 

S is a closed subset of finite H n ~ 4 measure of M. A\ and A2 are smooth inte- 
grable connections on Ei\m\$ and ^Iaas respectively. 4> is a holomorphic section of 
Hom(£ , 2, Ei)\ M \ s . (Ai,A2,(ft) satisfies the coupled r-vortex equations (EO|), ( |2.7| ) and fl2.8| ) 
on M \S. C = (T,Q) is a (2m — 4) dimensional current on M. suppC = T = U a T a is 
a countable union of {m — 2) dimensional holomorphic subvarieties of M, and g^z@\T a are 
positive integers. In other words, g^-C is a holomorphic chain of codimension 2 on M. We 
also require the following energy identity to be satisfied: 

(4.1) YUR T {Ai,A 2 ,(p) + \\C\\ =YMH T {Ai,A 2 ,cf>)+ [ QdH 2m ~ 4 [T = E(t), 

Jm 

where E(t) is the value of the YMH functional of a smooth coupled r-vortex on (Ei, hi) 
and (I?2,/i2)> which is a geometric constant depending on r. 

Remark. Assume that {Ai, A2, 4>, S, C) is an ideal coupled vortex on (Ei,^)- The 
integrable connections Ai and A2 give holomorphic structures on Ei\m\s and ^2|m\5- 



Because of the finiteness of YMH energy of the triple (Ai , A2 , 4>) , we see via Theorem 3.2 
that these holomorphic bundles on M \ S extend to reflexive sheaves £1 and £2 over M. 
Because <fi G Hom(£i, £2)\m\s and Hom^i,^) is reflexive and hence normal, we have that 
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(j> extends as a sheaf homomorphism from 6\ to £2- Therefore, an ideal coupled vortex gives 
rise to two reflexive sheaves £\ and £2 together with a sheaf homomorphism G Hom(£i , £2) ■ 



It is not hard to see via Theorem 3.2 that Ai and A2 extend as smooth connections to the 
common locally free part of £1 and £2, which is an open set whose complement is an analytic 
subvariety of M of codimension at least 3. 

We define an equivalence relation among ideal coupled vortices in the following way. Let 
(A\, A2, <p, S, C) ~ (A[, A' 2 , (j)' , S' , C) if C = C as currents and there exists a closed subset 
S" of M with finite H n ~ 4 measure such that (A\, A2, 4>) and (A^, A' 2 , 4>') are gauge equivalent 
via smooth gauge transformations on M\S" , i.e., there exist smooth gauge transformations 
gi on Ei\ M \ s „ for i = 1,2 such that (g 1 (A 1 ), g 2 (A 2 ), g! o (j)o g^) = (A[, A' 2 , cp') over M\S". 

Let the moduli space of ideal coupled r-vortices be given by 

IV T = IV T (E\, E2) = { ideal coupled r- vortices on (E\,h\) and (E2,h 2 )}/ ~ • 

We define the weak topology on IV T via the following notion of weak convergence. We say a 
sequence of ideal coupled vortices (Ai t \, -At,2 5 <f>i, Si, Cj) weakly converges to an ideal coupled 
vortex (Ai,A2, <j>, S, C) if there exist smooth gauge transformations g^j on Ej \jM\(SiUS) U = 
1, 2) such that 

(ffi,i(Ai).ffi ) 2(^ I 2),ffi,io^ffi,2) -» {A u A 2 ,(j)) in C™(M\S), 

and there is the following convergence of measures, 

(4.2) e T (A iiU Ai, 2 , <j>)dv + 8^(7, -» e r (^i, A 2 , <j))dv + 8vr 2 C. 

It is easy to see that this weak convergence descends to IV T to define the weak convergence 
of equivalence classes of ideal coupled vortices and the limit of a sequence in IV T is unique. 
We note that the moduli space of coupled r-vortices V T with the smooth topology naturally 
embeds in IV T if we set the singularity set S = (j) and the current C = for any smooth 
coupled vortex (Ai,A2,(f>) and thus associates an ideal coupled vortex to it. 

With the above definitions made, we have the following compactness theorem. 

Theorem 4.1 Assume that (E±,hi) and (E 2 ,h 2 ) are hermitian complex vector bundles 
over a compact Kdhler manifold M . Then the moduli space IV T of ideal coupled vortices on 
(E\,E2) is compact in the weak topology. 

Proof. 

Let (Ai t \, Ai^, 4>i, Si, Ci) be a sequence of coupled r-vortices on hermitian bundles E\ 
and E2. We adopt the notations from Section 2. Let a be defined by r in ( lip . Let 



F = p*Ei © p*E 2 <8> q*H® 2 be the 5'C/(2)-equivariant Hermitian vector bundle on M x .S* 2 . 
Each coupled vortex (An, Ai2,<p%) corresponds as in ( 2.14|) to an 5'L r (2)-invariant HYM 



connection Ai on bundle F with respect to the Kahler form u a . 

We define the concentration set of the sequence {Ai} as follows (recall definition from 

D), 



(4.3) S = {x G M x 5 2 | limliminfr 4 - (2m+2) f \F A \ 2 a dv a > e}, 

r^O i^oo JB r (x,Mx-S 2 ) 
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where e < Eq is to be determined later, a is a constant only depending on the curvature 
bound of M, and dv a is volume form of the metric u a . Since A{ are S'L r (2)-invariant connec- 
tions, the curvature density are S*C/(2)-invariant functions, hence by the definition S 
is an S'[/(2)-invariant subset. Let S = p~ l S, S C M. We call S the concentration set of the 
sequence {Ai t \, Aip, (j>j) and we shall show that after gauge transformations, a subsequence 
of (Ai t i,Ai t 2, 4>i) converges to a coupled vortex (A\,A2, <f>) on M \ S. 

We need the following removable singularity theorem. Its proof will be postponed to 
the next section. 

Theorem 4.2 Assume that (Ai,A2,(ft,S) is an admissible coupled vortex on trivial vector 
bundles E\ and E2 over B r (0) C C m . Assume also that the hermitian metrics on the 
bundles and the Kdhler metric on the ball B r (0) are comparable with the standard product 
metrics and Kdhler metric by a constant factor c. Then there exists £2 = £2(0, t) > 0, such 
that if x G M, < r < injrad(x), and 

(4.4) r 4-2m /" e(A 1 ,A 2 ,cf>)dv<£ 1 , 

JB r (x,M) 

then there exist smooth gauge transformations gj on Ej\g r (x)\S f or 3 = 1)2 such that the 
triple (g± (Ax), (72(^2), gi 4> 9<2 l ) extends smoothly over Bl(x). 



We shall also need the following lemma in the proof of Theorem 4.1 



Lemma 4.1 If (Ai, A2, <f>) is a coupled r-vortex, then the following equations hold: 

(4.5) d\F M = -2(m-l)J(d Al (4>o4>*)), 

(4.6) d%F M = 2(m-l)J(d A2 (0*o0)), 

(4.7) B Al ^ A *(t) = 0. 

Proof of Lemma. Let O = w n ~ 2 /(n-2)!. Then the operator *QA : A£(M) -> A£(M) has 
eigenvalues ±1 and A|.(M) = A 2 (M) © C decomposes as O-self-dual and O-anti-self-dual 
parts. The space of self-dual 2-forms has the decomposition 

A+(M) = A° C (M) ■ to © A°' 2 © A 2,0 . 

For a connection A on a complex vector bundle E on M, we let H A be the projection of 
F A to the Ajl(M) • uj part in the above decomposition. Then we have 

H A = (-2iKF A ) ■ 00. 

Now assume (Ai,A2,4>) is a coupled r-vortex. Since A\ and A2 are integrable connections, 
F Al and F_4 2 are (1, 1) forms. We have, 

d* Al F Al = -*d Al * (F Al - H Al + H Al ) 

= - * d Al (-n A (F Al - H Al ) + fi A H Al ) 

= —2 * (0 A d Al H Al ) ( by the Bianchi identity and d£l = 0) 

= -2*(QAd Al (((f>o<j>* -tI Ei )lo)) (byQ) 

rjTn— 1 

= -2*( ? -A^^of)) (by^ = 0) 

= -2(m-l)J(d Al (0o0*)), 
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where J is the complex structure acting on 1-forms. This is exactly (fi.5|). Similarly, we 



have the equation (|4.q) for A^. (|4.7|) is just a copy of the vortex equation fl2.6|) . □ 

Assume that x G M \ 5 and x € C 5, then by the definition of S and 5, there 

exist r € (0, dist(x, S 1 )) n (0, injrad(x)), and N = N(x) > 0, such that for i> N, 



(4.8) 



„4-(2m+2) 



F A Ldv a < e. 



>B r (x,MxS 2 ) 

It follows from Lemma 2.1 that if r satisfies c(r)r 4 < e for a suitable constant c(r), then 

2e 



(4.9) 



„4-2m 



Br(x,M) 



e(Ai,i,A i}2 ,4>i)dv < 



a 



If we take e < 2 2m ~ 5 <j£i and fix trivilizations of E\ and E 2 over B r (x, M), then by ( |4.9| ) and 
Theorem [4.2| , there exist gauge transformations to make the triple (^ i, A^p, <i>i) smooth 
over Br(x). We will assume that (A^i, A^2, (f>i) is already in such a smoothing gauge and 

hence A is also smooth over Br(x,M x S" 2 ). Since the left hand sides of ( |4,8D and ( [4 . 9[ ) 
are scaling invariant, we may rescale to assume that r = 8. In what follows we shall only 
consider those i > N when we restric our attention on the ball B r {x). 

Since A is now smooth on B\(x,M), the pointwise a priori estimate for Yang-Mills 
connections (Prop. |3.2| ) and ( [4. 8[) imply that there exists a uniform constant C > such 
that 



(4.10) 



*"P \F A \l<Ce, 



Bi(i,MxS 2 ) 

if we assume that e < Eq for eq in Prop. [T^. By Lemma ^4] and its proof, we have that 

c(r) and (F^.J 2 + ^.J 2 + Id^iBAfc&l 2 < \F A f. Thus we 



have 



(4.11) 
(4.12) 



sup \F Ai J +\F Ai2 \ + \d Ail ® A * 2 <. 



< Ce, 



Bi(x,M) 

sup 

Si(x,M) 



tI Ei \ + 



+ t'I E2 \ 2 <C. 



Fix a local trivialization for E\ and E^ on -Bi(x, M). If e is sufficiently small, by (14.11] ), 
we may apply the existence of Coulomb gauges (Theorem 2.7 in Uhlenbeck [22|) to find 
Coulomb gauges for A^i and Aip on B±(x, M). In other words, there exist gauge transfor- 
mations gi t \ on E^b^x) and on i^ls^a;) such that the connections A' il = gi t i(Ai A ) and 
A i,2 = 9i,2 (A,2) satisify 

(4.13) 
(4.14) 
(4.15) 



d*4 



• 



= 0, onBi(x), i = 1,2, 
0, ondB^x), j = 1, 2, 



l^ijlll/P(Bi(a;)) < Cpll-^kjj |U<»(Bi(a;)) < 



VI < p < OO, j 



1 

1,2. 



Let 



= 9i,i °4>° 9i t i- The equations (fDj|), (gj), fll7|) , ( pll ), and (flTJ) are gauge 
equivariant and hence they hold if we replace (Ai^, Ai^, 4>i) by {A[ ^ A[ 2 i <i>'i) • We ob- 



serve that ( 4.13 ) and ( 4.14 ), (|4.5| ), (4.6) and (4/7) form an elliptic system for the triple 
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(A'^A'^ftA over B x (x). Now ( pH), Cjg ) and (|4l5|) easily imply that $ G L^B^x)) 



for any p < oo. This together with ( [4. 15 ) give a starting point to carry out bootstrapping 
argument and obtain bounds on the supremum norm of all derivatives of (A[ 1 ,A' i2 ,<ft' i ) on 
Bi(x). In particular, we see that the triple (A^ 1 ,A' i 2 , </>•) is smooth on B\(x) and (gi,i,gi, 2 ) 
are smooth gauge transformations on B\(x). The bounds on derivatives of {A[ 1 , A^ 2 , (f)^) 
are uniform in i, hence by passing to a subsequence, {A l il ,A' i2 ,cj)' i ) converges to a triple 
(A'i, A 2 , (j)') in smooth topology on B\(x). 

We may cover the non-concentration set M \ S by a countable union of balls B ra (^x 0l ^j 



such that ( f4,8|) and (4J)) apply with r = 8r a and a; = x a . Applying the above analysis to 
each ball B$ ra (x a ), by passing to a subsequence, there exist smooth gauge transformations 
(gi,i,a, 9i,2,a) on {E\ , E 2 ) \s ra {x a )\Si , such that the sequence (^,1,0(^,1), gi,2,a(A i>2 ), gi,i, a 
0jO^j 2,o) _1 is smooth on B Ta (x a ) and converges in smooth topology to a triple (A[ a , A' 2 a , <ft' a ) 
on B ra (x a ). We can now use a standard diagonal process of gluing gauges (see for example 
4.4.8 in Donaldson and Kronheimer ||), again passing to a subsequence, to obtain smooth 
gauge transformations (^,1,^,2) onM\(5jn5), such that (5^1 #1,2(^1,2), 9%,i°<l>i 9T^) 

converges to {A\,A 2 ,(f)) m smooth topology on compact subsets of M \ S. 

We now recall from the dimensional reduction in Section 2 that there is a one-to-one cor- 
respondence between the gauge groups Q x x Q 2 and G su ^ and a one-to-one correspondence 
between coupled vortices and 5C/(2)-invariant HYM connections. Hence it follows from 
the above that after smooth 5f7(2)-invariant gauge transformations, Ai converges to an 
S'C/(2)-invariant HYM connection A in smooth topology on compact subsets of M x S 2 \ S. 

Now Prop. |3.3| on pure Yang-Mills connections implies that there exists a nonegative 
density function 0, H 2m ~ 4 measurable on S such that 

(4.16) \ F A t t dv ° M = \ F A\l dv ° + ®H 2m -*[S as measures. 

We notice that since \F^_\ 2 dv,j are S'C/(2)-invariant measures on M x S 2 , the limit measure 
fj, must also be 5C/(2)-invariant. Recall the definition of the density function 0, 

,a 1^ ,. fJ.(B r (x,M x S 2 )) .,_ ~ 

(4.17) 8(z) = hm w r ^ +2 _ 4 ;j ,Vx G S 6 . 

It is clear from the invariance of /i that is SU (2)-invariant. Hence = Qop for a function 
on S. 

By Theorem |3.1| on the blow-up of HYM connections, the blowup locus of Ai is of 
the form C = (T, 0), where T = suppC is a countable union of (to + 1 — 2)-dimensional 
holomorphic subvarieties. Because the current C is 5C/(2)-invariant, we have T = T x S 2 = 
(\J^ = iT a ) x S 2 , where T a are (m — 2)-dimensional holomorphic subvarieties of M and the 
induced function satisfies that (l/87r 2 )0[r a is a constant positive integer for any a. Let 
C = (T, 0), then g^-C" is a holomorphic chain by the above. Because of the energy 
identity ( |4. 1[) , the currents C{ are uniformly bounded in the mass norm, hence passing to 
a subsequence, Cj converges to a current C" as currents. g^-C" is an integral, positive 
(to — 2, to — 2) current, hence by the result of King fl4j| , or Harvey and Shiffman |l2|], g^-C" 
is a holomorphic chain. We define C = C + C" , then (A\, A 2 , 4>, S, C) is an ideal coupled 
vortex and the previous argument shows that a subsequence of (^,1, Ai t2 , (pi, Si, Ci) weakly 
converges to {A\,A 2 , S,C). □ 
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For hermitian vector bundles (Ex, hi) and (.£2,^2) on M, as mentioned before, the 
moduli space V T of coupled r- vortices naturally embeds into IV T . Hence we have the 
following compatification theorem as a corollary of Theorem 4.1. 



Theorem 4.3 The moduli space V T of coupled t -vortices on hermitian bundles (Ei,hi) 
and {E2,h,2) over a compact Kahler manifold (M m ,oj) has a compactification V T which is 
embedded in the space of ideal coupled T-vortices on M. 

In view of the Hitchin-Kobayashi type correspondence established in Theorem and 
the remark following the definition of ideal coupled vortices, we have the following corollary. 



Theorem 4.4 Assume that (Ex, hi) and (E2, hi) are hermitian complex vector bundles over 
a compact Kahler manifold (M,u) and rankE2 = 1 and r ^ T (T as defined in ( 2.20J ). 



The moduli space 9Jt T of stable holomorphic r-triples on (Ex,hx) and (-£2,^2) admits a 
compactification in the moduli space of ideal coupled vortices on (Ex,hx) and (£2,^2)- 

Remark. From the remark following the definition of ideal coupled vortices (at the 
beginning of this section), we know that an ideal coupled vortex (Ax,A2, 4>, S, C) gives rise 
to reflexive sheaves Ex and £2 and a sheaf homomorphism (p £ Hom(^i,^2)- We should be 
able to define suitable notions of stability and semi-stability for such triples (£x,£2,4 > ) (by 
algebraic criteria) so that the stability of a triple is equivalent to the existence of a singular 
coupled vortex (Ax, A2, (f>) on it. This will be the Hitchin-Kobayashi correspondence for 
stable triples in the sheaf version. With this work done, Theorem [4.4| could be written in a 
nicer way, i.e., the compactification of the moduli space of stable bundle triples lies in the 
moduli space of stable sheaf triples, which will be in the algebraic category. 

Now assume that (E, h) is a hermitian vector bundle over M. In order to get a com- 
pactification of the moduli space V T (E) of r-vortices on (E,h), we use the embedding of 
V T (E) into V T (E,L), the moduli space of coupled T-vortices on E and L, where L is the 
trivial smooth line bundle over M with the product metric ho- We have the following 
compactification theorem of the moduli space of vortices. 

Theorem 4.5 The moduli space V T of T-vortices on a hermitian vector bundle E over a 
compact Kahler manifold (M, to) admits a compactification in the space of ideal coupled 
T-vortices on E and L, where L is the trivial line bundle with the product metric on M. 

Remarks. 1) Assume that (Ax,Az,<j>,S,C) is an ideal coupled r-vortex on E and L. 
Then it gives rise to reflexive sheaves £1 and C. C is a line bundle because it is a rank 1 
reflexive sheaf. The degree of C is again equal to 0, that of the trivial bundle, because in 
passing to a weak limit, the topological change happens only on the blowup set, a codimen- 
sion 2 set, and that doesn't affect the first chern class; hence C is topologically trivial. Now 
we may determine the connection A2 uniquely in terms of the connection Ax, (ft and the 
holomorphic structure C from the equation (|2.8| ). Thus the ideal coupled vortex essentially 
can be viewed as an 'ideal vortex' (Ax, (j), S, C) on the bundle £x <8> C*. And the boundary 
points of the compactification V T are actually 'ideal vortices'. However, we would not use 
the concept of 'ideal vortices' here as it would not make things much simpler. 
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2) The compactification given in Theorem 4.5 is somewhat indirect since in order to com 



pactify vortices, we turn to ideal coupled vortices. However, we do not know a more direct 
way of compactifying the space of vortices. Notice in particular the blow-up set of a se- 
quence of vortices (Ai,(pi) is not where the YMH energy of (Ai,<f>i) concentrates. Instead 
it is the set where the YMH energy of the sequence of coupled vortices (Ai,A^, (pi) concen- 
trates, where A[ is a connection on L determined by (Ai, (pi) from ( |2.8[ ). In this regard, we 
may say that the blow-up phenomena of vortices is only clear when we put them in the 
setting of coupled vortices. 



Via the Hitchin-Kobayashi type correspondence given by Theorem 2.1, we have, 



Theorem 4.6 Assume that r ^ T (T as defined in Then the moduli space M T of 

stable r-pairs on a Hermitian complex vector bundle (E, h) over compact a Kahler manifold 
(M m ,uj) admits a compactification in the moduli space of ideal coupled vortices on E and 
L, where L is the trivial bundle with the product metric on M . 

Remarks. 1) Again, like in the remark following Theorem |4.10| , we should be able to 
define an algebraic concept of stable (or semi-stable) pairs (£, (p) of a coherent reflexive 
sheaf and a section of it, and to interpretate the compactification in the algebraic category. 
We hope to clarify these issues in a future paper. 

2) When M is a Kahler surface, let (Ax, A%, <p, C) be an ideal coupled vortex on hermitian 
bundles (Ex, hi) and (£^,/i2)- Then because reflexive sheaves are locally free on Kahler 
surfaces, we find that (Ax, A2, 4>) extends as a smooth coupled vortex on some hermitian 
bundles (E[,h'i) and (E^h^) on M. C is now given by a finite set of points with multi- 
plicities on M. Hence the compactification is much easier to describe and it is reminiscent 
of the well-known moduli spaces of self-dual connections on four-manifolds. It would be 
a natural question to ask whether we can describe the compactified moduli spaces more 
specificly, and in particular, compute their topological invariants. 

3) In order to understand the compacitification better, we have the following question. Are 
there any effective bounds on the measure of the singular set of a reflexive sheaf in terms 
of topological or analytical quantities? 



5 Removable singularity theorems 



In this section we give the proofs of Theorem 1.4, 1.5 and 4.2 
following e-regularity theorem for HYM connections. 



We shall first prove the 



Theorem 5.1 Assume that E is a trivial complex vector bundle over B r (0) C C m with 
the product hermitian metric. Assume also that the hermitian metric on the bundle and 
the Kahler metric on the ball B r (0) are comparable with the standard product metrics and 
Kahler metric by a constant factor c. Then there exists a consant £x(m, c) > 0, such that if 
(A, S) is an admissible HYM connection on E, with 



(5.1) 



„4-2ra 



Br(0) 



\F A \ 2 dv < ex, 
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then there exists a smooth gauge transformation a on -Br(O) \ S, such that o~(A) can be 
extended smoothly over Bl(0). 



Proof. Because (5.1) is scaling invariant, we may rescale and assume that r = 1. Let Eq 



be the holomorphic bundle over B r (0) \ S which is topologically E over B r (0) \ S and has 



the holomorphic structure given by &a- We first resort to Theorem 3.2 to extend Eq to a 
reflexive sheaf £ over B r (0). Let Si be the singular set of the reflexive sheaf £, i.e. the 
subset of M where £ is not locally free. It is a standard fact that Si is an analytic subvariety 
of dimension at most m — 3. Theorem |3.2| also implies that the hermitian metric h extends 
smoothly over the locally free part B r (0) \ S±. Hence the connection A, determined by h 
and the holomorphic structure, also extends smoothly over B r (0) \ S\. 

Since Si is stratified by smooth complex submanifolds of M, we shall make induction 
on the complex dimension of the top strata So of Si to show that, under the assumption 
Q,5i = 0. 

If So = 0, then Si = 0. Assume that we have shown that if dim So < k, then Si = 0. 
Assume now that dim So = k. Take a generic point xo £ So- With a suitable choice of 
coordinates, a neighborhood of x$ in -Bi(O) can be written in the form of N = B™~ k x B k 
such that x = (0,0), and Si n N = S n N = {0} x B k , where B k stands for the ball of 
radius s centered at origin in C k . Again after rescaling, we may assume that s = 2. 

We first claim that the vector bundle £|jv\s = £\, B m-k _{ }) X B fc * s trivial as a smooth 
vector bundle over N\Sq. Let F = £\(B m - k -{o})x{o} an< ^ ^ = ^\dB m ~ k x{o} - ^ £l < e °' we 
have by the a priori estimates (Prop. |3.3|) that 



\F A >\\V) < \F A \ 2 (y) < C{m)e u Vy G dB?~ k x {0} 



We can then apply the argument of Lemma 2.2 of Uhlenbeck 22] to assert that the bundle 
F restricts to a trivial smooth bundle over dB™~ k x {0}, if E\ is sufficiently small. Let 
{ei, . . . , e{\ be a frame of F over dB™~ k x {0} and fix a smooth connection on £|jv\s > we 
may use parallel transport to obtain a smooth trivialization {ei, . . . , e n } of £ \jsr\s and the 
claim is proved. 

The trivialization of £ away from the singular set allows us to express A as a matrix 
valued 1-form. If s\ is sufficiently small, the singularity removal theorem of Tao and Tian 
[21] implies that there exists a smooth gauge transformation g on (B™~ k — {0}) x B k such 



2 

that g(A) extends as a smooth HYM connection over a trivial bundle H over B™~ k x B\. 

2 2 

Define the holomorphic structure on H by <9 ff MV Let {/i, . . . , //} be a frame of holomorphic 
sections of H over B™~ k x B k . Since d g tM = g o 8a ° g^ 1 , {g^fi,... ,g _1 fi} gives a 

2 2 

holomorphic frame for the reflexive sheaf £ over (B™~ k — {0}) x . Since £ is a reflexive 

2 2 

coherent sheaf and £ agrees with the trivial holomorphic bundle away from a singular set 
of codimension at least 3, it follows that £ is actually a trivial holomorphic bundle over 
B™~ k x B\ . This implies that £ is locally free at x$. It is a contradiction and the claim is 

2 2 

established. □ 



Proof of Theorem \4-$ . We shall use the notations from Section 2. Let A be the SU(2)- 
invariant admissible HYM connection on the SC/(2)-invariant bundle F = p*Ei (p*E2 <8 



21 



q*H 2 ) determined by (Ax, A2, (ft) as in Section 2. If £2 is sufficiently small, we apply The- 
5T to A over local patches of -B r (0) x S 2 and see that locally A can be extended 



orem 



to a smooth HYM connection after a gauge transformation and the holomorphic bundle 
F\(B r {o)\s)xS 2 locally extends across the singularity to a holomorphic bundle. Since we 
know from Bando and Siu's theorem (Theorem |3,2|) that -F 1 |(_B r (o)\s)x5 2 extends uniquely as 
a reflexive sheaf T over B r (0) xS 2 ,it follows that T is a holomorphic bundle over B r (0)x S 
with a smooth Hermitian-Einstein metric h. J- and its metric are 5C/(2)-invariant because 
so are F and its metric. Let £±, £2 be the reflexive sheaves extending Ex, and E2 over B r (0) 
(by Theorem Then T has a splitting 

T = p*£x®(p*£ 2 ®q*H 2 ), 

because the splitting is valid on (Bz(0) \ S) x S 2 and the sheaves involved are reflexive. 
With the following lemma, we deduce that £\ and £2 are smooth holomorphic bundles over 
-Br(O). Since the hermitian metric h on T is S'C/(2)-invariant, it must be of the form 



h 



h 
h 2 



where hi = p*h\, ^2 = P*h-2 Q*h' 2 , and foj is a metric on £j and h' 2 is the 5f7(2)-invariant 
metric on H 2 (see Prop. 3.2 of flTOl ). /ij and the holomorphic structures on £i then 

give a smooth coupled r-vortex (A' 1} A' 2 , (ft') on Bl(x,M). (£i,hi)\ Br r \ is isomorphic to 

2 7 

/ii)|sr (0) as hermitian holomorphic vector bundles because by definition, the former 

ones are extensions of the later ones. It follows that (A^, A' 2 , 4>) is gauge equivalent to 
(Ax, A2, (ft) on -B^(O) and gives the desired smooth extension. □ 

Lemma 5.1 Assume that £x and £2 are two coherent sheaves on a complex manifold M 
such that £x@£% = 3~ ', where T is a holomorphic vector bundle of finite rank over M. Then 
£\ and £2 are locally free. 

Proof of lemma. The statement is local in nature. Let x be any point of M. Because of 
(£x) x © (£2)1 = Fxi we see that (£j) x (i = 1,2) are projective, hence are free. Because the 
sheaves are coherent, we see that £\ and £2 are free in a neighborhood of x. That finishes 
the proof of the lemma. □ 



In the end, we remark that the proofs of Theorem 1.4 and|1.5| follow easily from Theorem 5.1 



and |4.2| through a standard covering argument and we shall leave the proof to the reader. 
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